Introduction
Recently, important progress has been made in the study of finite-dimensional semisimple Hopf algebras over a field of characteristic zero [Mo and references therein] . Yet, very little is known over a field of positive characteristic. In this paper we prove some results on finite-dimensional semisimple and cosemisimple Hopf algebras A over a field of positive characteristic, notably Kaplansky's 5th conjecture on the order of the antipode of A [K] . These results have already been proved over a field of characteristic zero, so in a sense we demonstrate that it is sufficient to consider semisimple Hopf algebras over such a field (they are also cosemisimple [LR2] ), and then to use our Lifting Theorem 2.1 to prove it for semisimple and cosemisimple Hopf algebras over a field of positive characteristic. In our proof of Lifting Theorem 2.1 we use standard arguments of deformation theory from positive to zero characteristic. The key ingredient of the proof is the theorem that the bialgebra cohomology groups of A vanish [St] . We conclude the paper by proving a weak form of Kaplansky's 6th conjecture for Hopf algebras which are defined over Z.
The bialgebra cohomology
In the proof of our lifting theorem we will use the bialgebra cohomology [GS] . We follow the exposition of [St, p. 576] . Let A be a bialgebra over a field F . We define C p,q = Hom F (A ⊗(p+1) , A ⊗(q+1) ), p, q ≥ 0, and two differentials, the algebra differential d p,q a : C p,q → C p+1,q and the coalgebra differential d
, by the following formulas:
where ∆(a) = a (1) ⊗ a (2) , and ∆ q : A → A ⊗q , q ≥ 2, is the iterated coproduct (∆ 1 = id A ). It is straightforward to check that d Proof. Let G be the group of bialgebra automorphisms of A. This is an algebraic group whose Lie algebra is the set of bialgebra derivations of A, i.e. H 0 (A). By Theorem 1.1, H 0 (A) = 0 so G has to be finite.
This result was proved by Radford [R1] in characteristic 0 and characteristic p bigger than the dimension of the algebra.
The Lifting Theorem
Let p be a prime number and k be a perfect field of characteristic p. Let O = W (k) be the ring of Witt vectors of k [Se, Sections 2.5, 2.6], and K the field of fractions of O. Recall that O is a local complete discrete valuation ring, and that the characteristic of K is zero. Let m be the maximal ideal in O, which is generated by p. One has m n /m n+1 = k for any n ≥ 0 (here m 0 = O). In the case k = F p one has that O = Z p is the ring of p−adic integers, and K = Q p .
In this section we prove the following lifting theorem. Proof. (i) To show the existence of A we will prove that there exists a sequence of Hopf algebras A n over O n := O/p n which are free modules of rank N over O n such that A 1 = A and A n+1 /p n is isomorphic to A n as a Hopf algebra. Then we can fix isomorphisms f n : A n+1 /p n → A n and define A as lim ← − A n . Our proof is by induction on n. The case n = 1 is clear. Suppose we have constructed A i for i ≤ n, and let us construct A n+1 . Take A n+1 to be a free rank N module over O n+1 and fix a module isomorphism f n : A n+1 /p n → A n . Let E be the set of extensions of the product and coproduct of A n to A n+1 (just as module maps). That is, E is the set of pairs (m
We have an action of the additive group A 21 ⊕ A 12 on E which is defined as follows. Let (µ, δ) ∈ A 21 ⊕ A 12 . Lift them in any way
Clearly, this does not depend on the lifting, so it defines a desired group action.
It is clear that the constructed group action is free. It is also easy to see that it is transitive. Indeed, if (m
Thus, E is a principal homogeneous space of A 21 ⊕ A 12 . Now define a map c : E → A 31 ⊕ A 22 ⊕ A 13 , which measures the failure of (m ′ , ∆ ′ ) ∈ E to satisfy Hopf algebra axioms. This map is defined by the following rule. Consider the element
where I is the identity map. It is clear that a is zero modulo p n . So there exists b such that b = p n a. The element b is not unique but unique modulo p, so we set c(m
Observe that c takes values in C
2 (A) of the bialgebra cochain complex. Moreover, it is straightforward to check that d • c = 0.
By Theorem 1.1, H 2 (A) = 0. This implies that for any (m
It is easy to check that c(a+b) = c(a)+db for a ∈ E and b ∈ A 21 ⊕A 12 , so if we set m ′′ = m ′ −µ, ∆ ′′ = ∆ ′ −δ then we get c(m ′′ , ∆ ′′ ) = 0. It remains to show that (A n+1 , m ′′ , ∆ ′′ ) has the unit, counit, and antipode which satisfy the axioms of a Hopf algebra, and equal the unit, counit, and antipode of A n modulo p n . For unit and counit it is trivial, since it is well known that existence of a unit is preserved under algebra deformations. To show the existence of the antipode, we have to show that there exists S ′′ : A n+1 → A n+1 such that the antipode equation m ′′ (S ′′ ⊗ id)∆ ′′ = iε holds, where i is the unit and ε the counit. Consider the map T :
This map is a linear isomorphism modulo p (since the antipode in a Hopf algebra is unique), so it is a module isomorphism. Thus, the antipode equation has a unique solution. The uniqueness of this solution implies that it gives the antipode of A n when reduced modulo p n . Thus, A n+1 is a Hopf algebra which is isomorphic to A n modulo p n . The existence part of the theorem is proved. We now prove uniqueness. Let A ′ , A ′′ be two algebras satisfying the conditions of the theorem. Let A ′ n , A ′′ n be their reductions modulo p n . We will show that for any isomorphism of Hopf algebras f n : A are the same as modules. As we saw, the set of extensions of the product of coproduct on A n one step higher (with axioms satisfied) is the set of points (m
But by Theorem 1.1, H 1 (A) = 0. Thus, (µ, δ) = dγ, where γ ∈ End k (A). Letγ be an extension of γ to a module map A ′ n+1 → A ′′ n+1 (i.e.γ equals γ modulo p), and let η = id − p nγ :
(it is clear that this depends only on γ and not onγ). This is the required isomorphism.
(ii) It remains to show that A 0 is semisimple and cosemisimple, and that dimensions of irreducible modules and comodules are the same. To do this, we let n i be the dimensions of irreducible representations of A. Then A = ⊕M n i (k), where M n is the matrix algebra of size n. The algebra A has zero Hochschild cohomology since it is semisimple, so it has a unique lifting to O, namely ⊕M n i (O). Thus, A = ⊕M n i (O) as an O-algebra. This implies that A 0 = ⊕M n i (K) and hence it is semisimple. The fact that A 0 is cosemisimple is shown in the same way by taking the duals (it also follows from [LR2] ). The fact that all A 0 modules and comodules over K are defined over K and the equality of dimensions of the irreducible modules and comodules is now clear.
Applications of the lifting theorem
The lifting theorem provides a simple way to prove results about semisimple and cosemisimple Hopf algebras in characteristic p which are known in characteristic 0. In this section we will give a few applications of this sort. Proof. In characteristic 0, the result is known and due to Larson and Radford [LR1] . Suppose k is of characteristic p. We can assume that k is algebraically closed. Using Theorem 2.1(i), we can construct the algebras A and A 0 . By the characteristic 0 result, the square of the antipode is the identity in A 0 . Thus it is so in A ⊂ A 0 and hence in A = A/pA.
Remark. This result was known in characteristic p which is bigger than the square of the dimension of A [LR1] , and for semisimple Hopf algebras A in characteristic p such that p > m m−4 where m = 2(dimA) 2 [So] .
Corollary 3.2. Let A be a finite-dimensional semisimple and cosemisimple Hopf algebra over any field k.
Proof. This follows from Theorem 3.1 and [L, Theorems 2.8, 4.3] .
Theorem 3.3. Let A be a semisimple and cosemisimple Hopf algebra of prime dimension p over a field k. Then A is commutative and cocommutative.
Proof. In characteristic zero, the result is known [Z] . For positive characteristic (which has to be different from p by Corollary 3.2), it suffices to assume that k is algebraically closed. In this case A 0 is commutative and cocommutative by the characteristic zero result, thus so are A and A. Proof. In characteristic zero, the result is known [EG2] . For positive characteristic (which has to be different from p and q by Corollary 3.2), it suffices to assume that k is algebraically closed. In this case A 0 is commutative or cocommutative by the characteristic zero result, thus so are A and A. Proof. In characteristic zero, the result is known [Ma] . For positive characteristic (which has to be different from p by Corollary 3.2), the statement is true for A 0 ⊗ K K by the characteristic zero result. Let g be a nontrivial central grouplike element of
But by Theorem 2.1(ii), g : A * 0 → K really takes values in K. Hence, by Theorem 2.1(ii), this representation is obtained by lifting of a unique representation g ′ : A * → k, which therefore must satisfy the same equation. Then g ′ is a nontrivial central grouplike element in A.
In conclusion let us show how the lifting theorem can be used to prove results about Hopf algebras defined over Z (note that this class contains group algebras, their duals, doubles, smash products etc). 
